We develop the connection between intergalactic helical magnetic fields and parity odd signatures in the diffuse gamma ray sky. We find that the location and the amplitude of a peak in a parity odd correlator, Q(R), can be used to infer the normal and helical power spectra of the intergalactic magnetic field. When applied to Fermi-LAT data, the amplitude of the observed peak in Q(R) gives ∼ 10 −14 G intergalactic magnetic field strength, which is consistent with an earlier independent estimate that only used the peak location (Tashiro et al. 2014) . We discuss features in the observed Q(R) that further support the intergalactic magnetic field hypothesis and make predictions for future tests.
INTRODUCTION
It has been known for some time that gamma rays from TeV blazars can probe the intergalactic magnetic field (Aharonian et al. 1994; Plaga 1995; Neronov & Semikoz 2007; Dolag et al. 2009; ). Photons with TeV energy from such beamed sources scatter off the extra-galactic background light (EBL) and produce electron-positron pairs also with TeV energy (Gould & Schréder 1966; Aharonian et al. 2006) . These charged particles then inverse-Compton scatter off cosmic microwave background (CMB) photons and up-scatter them to a cascade of GeV photons. These GeV gamma rays potentially carry information about the electron-positron trajectories. In particular, if the electron-positron are deflected by ambient magnetic fields, the cascade gamma rays observed at GeV energies also carry information about the ambient magnetic fields.
A few years ago, observations of four TeV blazars by the Fermi Large Area Telescope (Fermi-LAT) experiment 1 and the High Energy Stereoscopic System (HESS) gamma ray telescope 2 were used to obtain a lower bound of ∼ 10 −16 G on the intergalactic magnetic field strength (Neronov & Vovk 2010; Tavecchio et al. 2010; Dolag et al. 2011 ). The conclusion is based on the observed deficit of GeV photons, the assumption being that the deficit is due to deflection of the electron-positron pairs due to an inter-galactic magnetic field. The assumption has since been debated (Broderick et al. 2012; Miniati & Elyiv 2013; Schlickeiser et al. 2012) , with the concern that there is an instability in the propagation of high energy charged particles in the cosmological medium that tends to isotropize the directions of the charged particles thus explaining the observed deficit of GeV photons.
More recently, developing ideas first proposed in the context of cosmic rays (Kahniashvili & Vachaspati 2006) , we have shown that the cascade GeV gamma rays from TeV blazars may also be used to probe helical magnetic fields as the helicity introduces a parity odd signature in the arrival directions of the gamma rays (Tashiro & Vachaspati 2013) . If observed, a parity violating signal around blazars would be hard to explain on the basis of a plasma instability but easier to explain with magnetic field helicity. In turn, primordial magnetic field helicity would be an invaluable probe of CP violation in the early universe with profound consequences for very high energy particle physics and the origin of matter (Vachaspati 2001; Copi et al. 2008; Chu et al. 2011; Long et al. 2014) . A magnetic field in the post-recombination universe can be a critical ingredient that enables cosmic structure formation (Rees 1987) .
Most recently, we have extended the scheme to look for parity odd signatures in gamma rays from a single source to the Figure 1 . A collimated jet emanates from the source AGN. Very high energy photons propagate a short distance, D TeV (E 3 ), and then pair-produce. The charged pairs propagate a very short distance (too small to be shown) and then inverse Compton scatter CMB photons to GeV energies that are then observed to come from a directionn 3 . Lower energy photons from the source propagate a larger distance, D TeV (E 1 ), before producing pairs, that then produce cascade photons seen to come from directionn 1 . The statistics, Q(R), is the average of the triple product of the vectorsn 1 ,n 2 (not labeled in the diagram) andn 3 in a patch of radius R where E 3 > E 2 > E 1 . diffuse gamma ray background over the entire sky (Tashiro et al. 2014 ). This extension is particularly necessary if the cascade deflections are large and the observed GeV gamma rays are not obviously associated with any TeV blazar source. Further, we have applied our scheme to the diffuse gamma rays observed by Fermi-LAT, and find a significant parity odd signal. Interpreted in terms of a helical magnetic field, we find a field strength ∼ 10 −14 G on intergalactic scales with left-handed helicity.
If ongoing observations continue to confirm the parity odd signal, we should be able to use the gamma ray signal to reconstruct spectral properties of the intergalactic field. More specifically, the equal-time correlation function of a stochastic, isotropic, magnetic field in Minkowski spacetime can be written as (Monin & I'Aglom 1971)
where r = x − y and, due to the divergence free condition of magnetic fields,
We would like to relate the "normal" and "helical" power spectra, MN and MH, to correlators of the observed cascade GeV gamma rays. In Tashiro et al. (2014) , we had related MH (r) to a parity odd correlator of cascade gamma rays from a known source. In the present paper we will extend that analysis to the case of diffuse gamma rays, when the source locations are not known. Further, if MH = 0, it allows for a new way to also estimate the normal power spectrum from correlation functions of cascade gamma rays. In Sec. 2 we will introduce our strategy in more detail, first in the context of a single source, then in the context of many sources and when additional non-cascade photons are present in the data. We will find that the parity odd signal can be a valuable tool for extracting information not just about the magnetic field but also about the relative number of cascade and non-cascade photons, which is related to the number of TeV blazars. In Sec. 3 we make predictions for the parity odd signal if the magnetic field correlator has a simple power law form. We conclude in Sec. 4 where we also discuss limitations of the present analysis. In Appendix A we relate the sign of the parity odd statistic to the handedness of the magnetic field.
PARITY ODD CORRELATORS OF GAMMA RAYS
Consider a TeV blazar at redshift zs. The emitted TeV gamma rays interact with the EBL to produce electron-positron pairs over a mean free path ) (see Fig. 1 )
where κ is a numerical factor which accounts for the model uncertainties of EBL. Here we take κ ∼ 1 (Neronov & Semikoz 2009). Electron-positron pairs generated by the TeV gamma ray lose energy by IC scattering off CMB photons over a dis- 
where ze is the typical redshift at which TeV gamma rays create pairs, and Ee ∼ ETeV/2 is the electron energy. The secondary gamma ray cascade contains up-scattered CMB photons with typical energy
where ǫCMB = 6 × 10 −4 (1 + ze) eV is the typical energy of CMB photons. The angle by which gamma rays are bent with respect to the source direction is given by (Tashiro & Vachaspati 2013) 
where q is the electron charge and vL ∼ 1 is the speed. To obtain the redshift dependence we take the redshifts of the pair production event, ze, to be approximately the redshift to the source, zs, and B0 = B/(1 + ze) 2 as expected from flux conservation.
In the following subsection, we will consider cascade photons of three different energies E1 < E2 < E3 with arrival directions n(E1), n(E2) and n(E3) (see Fig. 1 ) and evaluate the correlator
for a single source. This is a special case of the correlator for diffuse background of gamma rays that was considered in (Tashiro et al. 2014 )
in which only photons within an angular distance R from n(E3) were included in the ensemble average and then an average over all locations of n(E3) was taken. In other words, the ensemble average was taken over photons such that n(E1)·n(E3) > cos R and n(E2) · n(E3) > cos R for all locations, n(E3), on the sky.
A single unidentified source
We imagine a single beamed source of TeV gamma rays that is positioned in a general way -the Earth may or may not lie within the opening angle of the jet. Even if Earth is located outside the jet, cascade photons from the source can still get to Earth if intergalactic magnetic fields are present because the trajectories of the electron-positron pairs will bend in the magnetic field as illustrated in Fig. 2 . We will consider this situation. Let us denote the location of the source by xs. A ∼ TeV energy photon propagates a distance DTeV with velocity vi and then pair produces an electron-positron pair at xi, at time ti, given by
The electron-positron then propagate in a weak magnetic field which causes their trajectories to bend. However, the bending is weak, and for the up-scattered CMB photons to arrive at Earth, the velocity of the positron (say) at time ti has to approximately point to the Earth. Hence at time ti we can write,
withxi · δvi = 0. After propagating up to the time of inverse Compton scattering, at time tIC, the velocity and position of one of the pair -assumed positron -is (the other member of the pair gets lost),
where E is the energy of the electron/positron, q = +e is the positron's electric charge, T = tIC − ti,
Note that we are using the unperturbed trajectory when doing the integration. This is legitimate since we are working to lowest order in |B|.
The constraint is that the GeV photon should arrive to Earth. So
This gives
Ignoring terms of quadratic and higher order in δvi, B, and also assuming T ≪ rIC ∼ |xi| = ri -typically T ∼ 30 kpc, ri ∼ 1 Gpc -gives
This is the constraint on the initial velocity so that the GeV gamma ray reaches Earth. Straight-forward algebra now gives us the arrival direction of the photon
Next we insert the expression for n in the definition of Q∞ in Eq. (7) and ignore linear and cubic terms in B to get
where the 1, 2, 3 subscripts refer to particles of energies E1, E2, E3 and charges q1, q2, q3; the sum is over cyclic perturbations of 1, 2, 3, and the subscript i refers to the initial moment, at the time the TeV photon produces pairs. Eq. (19) is the expression for Q∞ to quadratic order in the magnetic field. Note that the first term in Eq. (19) also depends on the magnetic field through the constraint conditions Eq. (9) and Eq. (15). In fact we shall show in a moment that the second term is much smaller than the first. Focussing on the first term, using Eq. (9), we can write
where we have approximated |xi| ≈ Ds. The initial velocities depend on δvi in Eq. (10), which in turn depend on the magnetic field via Eq. (17). Then, noting that DTeV/Ds ≪ 1, we find
where the sum is over (a, b) = (1, 2), (2, 3), (3, 1). Now we can insert expressions for δvia using Eq. (17). The algebra simplifies because
where we recall De ∼ 30 kpc and Ds ∼ Gpc. Then, to lowest order in De/Ds and DTeV/Ds we obtain
Now we can justify our earlier claim that the first term in Eq. (19) dominates: using the estimates in Eq. (22), the first term is of order D 
where we use the notation Eea = Ee(Ea). Eq. (1) gives
where
and similarly for x b (t ′′ ). Under the approximation that all deflection angles are small, we get
We can simplify further by using ria ≫ t ′′ a − tia (a = 1, 2, 3), which then implies d ab ≈ ria − r ib independent of the time integration variables. If
where the prime on MH denotes differentiation with respect to the argument, then the integrand in Eq. (25) is approximately a constant and
where, Dea = De(Ea) = tICa − tia, the time between pair production and IC scattering. To get a sense of numerical values, for the energies of interest, Dea ∼ 30kpc and ri1 ∼ ri2 ∼ Gpc, and ri1 − ri2 ∼ Mpc. Finally we have the simple result
where q ab = +1 if qa = q b and q ab = −1 if qa = q b . Note that
for Ea < E b . We now express Q∞ in terms of the observed energies. First we use Eq. (4) that gives us the time between pair production and IC scattering,
where δe ≈ 3.2 × 10 5 /(1 + zs) 8 GeV-kpc 2 ≈ 4.8 × 10 34 /(1 + zs) 8 Gpc since we are working in natural units and we used ze ≈ zs. Similarly
where δT ≈ 5.6 × 10 5 /(1 + zs) 4 GeV-Mpc 2 ≈ 8.8 × 10 40 /(1 + zs) 4 Gpc. We can assume zs ≈ ze. Also,
with ǫe ≈ 3.5 × 10 −6 GeV −1 . Then,
where we have used e 2 = 4π/137, the Gauss to GeV conversion 1 G = 1.95 × 10 −20 GeV 2 , and denoted Ea = Ea/10 GeV.
Finally we can write the distances d ab in terms of the energies, since d ab is the distance between the points where pair production occurs for photons of observed energy Ea and E b . Using Eq. (3) together with Eq. (5),
Eqs. (35) and (36) specify the correlator Q∞, i.e. the value of Q(R) in Eq. (8) for large values of R in the case when only cascade photons are present. The only required inputs are the helical magnetic correlation function and the gamma ray energies that are observed. Let us now consider Q(R) for smaller values of R, still only considering cascade photons. It is useful to rewrite Eq. (8) as
Then it is clear that Q(R) depends on the length of the vector n(E1) − n(E3) and n(E2) − n(E3) where n(E1) and n(E2) are restricted to lie in the patch of size R with n(E3) as center. The average lengths of these vectors are proportional to R for small R. Further, the cascade photons are clustered in the region around n3 and so the lengths do not grow indefinitely as R increases. For R larger than the typical bending angles of the cascade photons, the lengths can be taken to saturate. A functional form of Qc(R) that takes the lengths of the vectors n(E1) − n(E3) and n(E2) − n(E3) into account in a patch of radius R is
Charge ambiguity
The formula for Q∞, Eq. (35), includes the factors q ab = ±1, that depend on whether the cascade photons at energies Ea and E b originated from like charges (electron-electron or positron-positron) or unlike charges. The ambiguity can be traced back to the Lorentz force formula that is invariant under charge reversal together with magnetic field reversal. We now discuss how to possibly resolve the ambiguity due to the q ab factors in connecting observed Qc(R) to the helical power spectrum MH . Let us assume that data are sufficiently precise that we can measure Qc(R, Ea, E b , Ec) for a wide range of energies. Then consider Qc(R, Ea, E b , Ec) and Qc(R, E In other words, to connect observed Qc to MH we need to consider the different discrete possibilities and then choose the signs so as to reconstruct a continuous MH 3 .
The above resolution assumes very extensive observational data. Even without such data but with the prior that the magnetic field is smooth on the scales of interest, we can take q ab = +1 since without field reversals the cascades at different energies must arise from like charges. In what follows, we will assume q ab = +1.
Source plus background
The diffuse gamma ray sky contains cascade photons from many different TeV blazars, as well as non-cascade photons from other sources. The expression for Qc(R) in Eq. (38) was derived for cascade gamma rays from a single TeV blazar, assuming no contamination from other TeV blazars or non-cascade photons. We now extend our calculation to include non-cascade photons.
The ensemble average over photons in some given patch of radius R will include both cascade, i.e. signal, and non-cascade, i.e. noise, photons. The value of Q(R) will depend on the ratio of cascade to non-cascade photons within that patch. The number of non-cascade photons within the patch will be proportional to the area of the patch
where σn(E) is the average areal density of such "noise" photons with energy E, and the area of a patch of radius R on a unit sphere is A(R) = 2π(1 − cos R). The number of cascade photons within a patch of radius R is also proportional to the area of the patch when R is less than the typical spread of cascade photons. For larger R, the number of cascade photons within the patch stays constant. This suggests
where N∞(E) is the number of cascade photons of energy E when the patch size is large, and Θ(E) is the typical bending angle at energy E. We stress that these functional forms have the correct asymptotic dependencies but their precise shape should not be taken too literally.
Then Q(R), which is an average over all photons -cascade and non-cascade -will be given by
where Nt = Nc + Nn. Note that in a given patch we only consider a single E3 photon that is located at the center of the patch, but then Q(R) is also averaged over all patches, some of which may be centered on E3 photons that are not from a cascade. This gives the energy E3 a special status, and Nc/Nt for E3 is the average number of cascade to non-cascade photons of energy E3 over the region of sky under consideration e.g. after the Milky Way has been masked out. So Nc/Nt for E3 is just a numerical factor; in particular, it does not depend on the radius of the patch. In reconstructing the helical power spectrum from Q(R), the value of Nc(E3)/Nt(E3) will be a scaling factor. In what follows, we will denote
where ν3 is independent of R.
The ratio Nc(E)/Nt(E) (E = E1, E2) depends on the radius of the patch and on the dimensionless ratio,
which is the ratio of the number of noise to the number of signal photons in a patch of angular radius Θ(E), i.e. the "noise to signal ratio at energy E". Then,
Since the shape of Q(R) is sensitive to ν(E), observations of Q(R) may in principle be used to determine ν(E) which would give a handle on the relative number of cascade and non-cascade photons and also the number of TeV blazar sources. In the simplified analysis we present here, we will assume ν(E) ∼ 1 and independent of the energy E.
In Fig. 3 we plot Q(R)/Q∞ for sample parameters, showing that we expect magnetic helicity to lead to a peak in Q(R). The location of the peak does not depend on the magnetic helicity power spectrum, MH, but does depend on the normal power spectrum, MN , via the bending angles, Θ(E). The shape of the plots in Fig. 3 can be understood as follows. Since E1 < E2, and Θ(E) ∝ E −3/2 from Eq. (6), we have Θ(E2) < Θ(E1). For R ≪ Θ(E2) the factors Nc/Nt are approximately independent of R and the exponential factors in Eq. (38) can be expanded to get
is still independent of R since R/Θ(E1) is small, but the Nc/Nt factor for E2 starts to vary with R if 0.63 ν(E2)A(R, E2) 1 − exp(−A(R, E2)) > 1, and, A(R, E2) > 1.
With ν(E) ≈ 1, these conditions are satisfied for A(R, E2) ≈ 1. Therefore Nc/Nt for E2 decreases as ∼ 1/R 2 for R > R * where A(R * , E2) ≈ 1 which gives
Thus the shape of Q(R) is flat for R ∼ R * . For Θ(E2) < R < Θ(E1), similarly we find Q(R) ∼ 1/R, and finally for Θ(E1) < R,
The important features of the shape of Q(R) are that it has a peak located at
and the peak height is found by substituting R = R peak in Eq. (41) and using Eqs. (38) and (35),
where νi = ν(Ei), with νi = 1 in the final estimate, and we have assumed Θ(E2) ≪ Θ(E1). The amplitude of the peak depends on Q∞, which depends on the magnetic helicity spectrum, MH . In Sec. 3 we will consider some models of the helicity power spectra and plot Q(R). In Sec, 4 we will use these peak characteristics to estimate the intergalactic magnetic field strength.
SAMPLE MODELS OF MH
We now calculate Q(R) from Eq. (41) with Qc given by Eq. (38) and Q∞ by Eq. (35) with q ab = 1 (see Sec. 2.2). For simplicity, we assume a power-law form for the helical power spectrum, where BN is the normalized magnetic field strength at the normalization scale rN . In our context, BN is defined at a redshift zs since that is roughly where the cascade is being produced. The conversion to the comoving magnetic field strength B0 is B0 = BN /(1+zs) 2 . We adopt BN = 2×10 −13 G and rN = 100 Mpc. According to Eq. (1), n = −1 represents a scale-invariant helicity spectrum, n > −1 gives a red-tilted spectrum, and n < −1 gives a blue-tilted spectrum. The choice of BN is made to match the peak scale of the energy combination (10,40) as seen in the Fermi-LAT data (R * ≈ 14
• ) in Tashiro et al. (2014) . The plots of Q(R) versus R are shown in Fig. 4 .
Whereas we have adopted the form in Eq. (49) and predicted Q(R), we can also reverse these arguments and deduce MH (r) from observational data.
CONCLUSIONS
In this paper we have related the statistics, Q(R), calculated from the diffuse gamma ray sky, to the helical power spectrum, MH , of intergalactic magnetic fields. Our results show that helical intergalactic magnetic fields lead to a peak structure in Q(R). The angular location of the peak determines the typical bending angle of cascade photons of a given energy, and is in turn related to the non-helical power spectrum, MN , of the magnetic field; the amplitude of the peak is related to the helical power spectrum, MH . The sign of Q depends on the handedness of the magnetic field and, except when there is a lot of power on small distance scales, we expect Q < 0 for left-handed fields. In addition, the shape of Q(R) is sensitive to the fraction of cascade to non-cascade photons in the sky, thus possibly providing a tool to study the distribution and properties of cascade photons from TeV blazars.
Using our results, we can obtain a numerical estimate of the helical power spectrum. From Eq. (35) we estimate
where, in the last estimate we have used E1 = 10 GeV, E2 = 40 GeV, i.e. E1 = 1, E2 = 4, Q peak = 3 × 10 −4 (Tashiro et al. 2014), Q∞ = 80 Q peak from Eq. (48) with ν(Ei) = 1, and denoted Ds1 = Ds/1 Gpc. Therefore we estimate B0 ≈ 1.5 × 10 −14 Ds1(1 + zs) 4 G, from peak amplitude (51) where B0 is the magnetic field strength at the present epoch and we have taken the field strength to evolve in proportion to (1 + z) 2 . From Tashiro et al. (2014) we find that the peak in Q(R) is located at Θs ≈ 14
• when E1 = 10 GeV, E2 = 40 GeV. Then from Eq. (6), with Eγ = 40 GeV -recall that the peak position is determined by E2 as in Eq. (47) -we find
This rough agreement between the two independent estimates in Eq. (51) and Eq. (52) is quite remarkable and suggests that the intergalactic magnetic fields are significantly, if not maximally, helical.
In conclusion, we have developed the connection between our proposed parity odd correlator, Q(R), and properties of the intergalactic magnetic field. We find encouraging agreement between independent estimates of the magnetic field strength using observed data, thus providing further confidence in the robustness of the signal discussed in Tashiro et al. (2014) . There is also some tentative indication in the observed Q(R) to peak at smaller angles at higher E2 (Tashiro et al. 2014) which is in 
Hence, for a scale invariant spectrum, Q peak depends only on E2 and there is little dependence on E1. We have also seen that R peak is independent of E1 (see Eq. (47)). Thus both R peak and Q peak are only sensitive to E2 for a spectrum that is not too steep. Indeed, in the plots obtained from Fermi data for E2 = 40 GeV there is a peak with amplitude ∼ 3 × 10 −4 at roughly R = 14
• regardless of the value of E1, again showing consistency with the intergalactic magnetic fields hypothesis. Further, Eq. (47) predicts that Q(R) will peak at R ≈ 21
• when E2 = 30 GeV and at R ≈ 40
• when E2 = 20 GeV; the height of the peak is sensitive to the noise to signal ratio, ν(E), and to the helicity power spectrum.
We close with a few cautionary remarks. Our analytic methods have been possible only because we have made several simplifying assumptions along the way. For example, we have ignored the stochasticity of the pair production -which depends on the EBL spectrum -and the CMB up-scattering processes. Monte Carlo methods seem to be most suitable for including these processes though simulations will be challenging because of the range of length scales involved (kpc to Gpc). We hope the rewards of discovering helical intergalactic magnetic fields and the enormous implications for particle physics and cosmology will spur further investigations. 
Let us evaluate the left-hand side directly for a right-handed magnetic field configuration. Take x = 0, r = rẑ (r > 0), B(x = 0) = Bx, and B(x = rẑ) = Bŷ. This is a right-handed configuration because the magnetic field rotates counterclockwise as one goes from the origin to rẑ. Then 2r 2 MH (r) = r k ǫ kij Cij = rẑ · B(rẑ) × B(0) = rB 2ẑ ·ŷ ×x = −rB 2 < 0.
So we find, with our conventions, MH (r) < 0 for a right-handed magnetic field configuration. From Eq. (35), assuming that the lowest energy photon term dominates, 
Therefore, if q ab = +1 as for smooth fields, Q < 0 implies MH > 0 which implies left-handed magnetic helicity with our conventions. This conclusion is reversed if q ab = −1 or if the helical spectrum is such that the last term in Eq. (35) dominates, which could happen if there is significant power on small scales.
